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ABSTRACT 

Periodic  guiding  or  radiating  structures  at  microwave  frequencies  frequently  possess 
symmetry  properties  in  addition  to  their  axial  periodicity.  These  include  rotation  and  reflec¬ 
tion  symmetries,  wither  occurring  alone  or  in  conjunction  with  translations.  These  symmetries 
influence  the  characteristics  of  the  electromagnetic  fields  associated  with  the  structures. 
Therefore,  useful  information  concerning  the  fields  can  be  obtained  from  the  symmetry  pro¬ 
perties  without  resorting  to  detailed  field  solutions  or  to  equivalent  circuit  analogs.  These 
symmetry  properties  are  conveniently  analyzed  by  introducing  symmetry  operators  under  which 
the  structure  is  invariant. 

This  paper  shows  that  two  symmetries,  the  screw  and  the  glide,  are  particularly  import¬ 
ant  in  determining  the  characteristics  of  the  fields.  Some  of  the  implications  of  these  sym¬ 
metries  for  leaky  wave  antennas  and  microwave  tube  interaction  circuits  are  explored.  The 
consequences  of  screw  and  glide  symmetries,  together  with  five  other  possible  symmetries, 
are  examined  to  facilitate  the  analysis  and  synthesis  of  periodic  microwave  structures. 
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I.  INTRODUCTION 

Periodic  structures  for  guiding  or  radiating  electromagnetic  waves  have  a  wide  range 
of  application  in  modern  microwave  technology.  They  are  used  in  leaky  and  surface-wave  an¬ 
tennas,  microwave  filters,  and  linear  accelerators  as  well  as  microwave  tubes,  such  as 
traveling -wave  tubes,  backward-wave  amplifiers  and  oscillators,  crossed-field  amplifiers 
and  oscillators,  and  beam -type  parametric  amplifiers.  When  analysis  has  been  undertaken  in 
the  past,  the  usual  procedure  has  been  to  treat  each  strucutre  as  a  separate  problem  and  to 
attempt  to  obtain  the  propagation  or  radiation  characteristics  and  any  other  desired  informa¬ 
tion  by  an  exact  or  approximate  solution  of  the  particular  problem.  The  approach  has  been  to 
seek  general  field  solutions  (perhaps  using  approximation  techniques  for  computational  purposes) 
or  to  introduce  equivalent  networks.  For  maiy  structures  of  current  interest,  however,  the 
geometry  is  such  that  a  general  field  solution  may  be  obtained  only  after  lengthy  computations, 
if  at  all.  Moreover,  the  field  solution  often  yields  more  information  than  is  required  for  a 
particular  application.  On  the  other  hand,  an  equivalent  network  approach  requires  the  choice 
of  approximate  equivalent  circuits,  and  this  choice  is  often  difficult  without  some  prior  know¬ 
ledge  of  the  characteristics  of  the  structure.  In  addition,  the  equivalent  network  approach 
generally  yields  considerable  less  information  than  a  field  colution,  often  less  than  is  desired 
for  a  particular  application. 

A  relevant  question  then,  is  whether  any  of  the  performance  characteristics  of  periodic 
structures  can  be  predicted  without  resorting  to  detailed  calculations  for  each  structure  of  in¬ 
terest.  Furthermore,  given  desired  performance  characteristics,  can  one  predict  a  structure 
or  class  of  structures  having  these  properties?  A  promising  approach  to  these  questions  is  a 
consideration  of  the  symmetry  properties  of  each  structure.  This  paper  demonstrates  that 
several  of  the  salient  propagation  characteristics  of  periodic  structures  can  be  derived  from 
the  symmetry  properties. 

Two  groups  of  general  symmetry  types  are  investigated,  and  their  relation  to  the  per¬ 
formance  characteristics  of  structures  explored.  One  group  includes  those  symmetries  whose 
main  effect  is  restricted  to  influencing  the  occurrence  of  certain  of  the  space -harmonic  com¬ 
ponents  of  the  electromagnetic  fields  and  to  determining  the  relative  phases  of  pairs  of  space- 
harmonic  components.  The  second  group  of  symmetries  in  addition  to  influencing  the  occur¬ 
rence  of  space-harmonic  components  also  controls  important  characteristics  of  the  dispersion 
curve  for  the  structure.  The  symmetries  of  this  second  group  are  of  most  interest  to  this  dis¬ 
cussion,  since  they  have  the  greatest  influence  on  the  properties  of  periodic  structures.  There¬ 
fore,  a  major  portion  of  the  paper  is  devoted  to  exploring  the  consequences  of  these  symmetries. 
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and  a  brief  discussion  is  given  of  the  other  symmetries. 

The  discussion  will  be  restricted  to  lossless,  reciprocal  structures,  which  are  periodic 
along  a  rectilinear  direction  (taken  parallel  to  the  *  axis)  with  period  L.  Re-entrant  periodic 
structures,  such  as  magnetron  circuits,  will  not  be  considered,  although  parts  at  least  of  this 
analysis  could  be  readily  extended  to  include  them.  For  convenience,  the  fields  are  expressed 
in  terms  of  a  circular  cylindrical  co-ordinate  system  (r,  0,  z)  and  the  z  axis  is  taken  as  the 
symmetry  axis  of  the  structure,  if  one  exists.  Single -frequency  excitation  at  radian  frequency 
u  is  assumed  throughout,  and  all  fields  are  understood  to  vary  as  exp  (jut).  Typical  periodic 
structures  are  illustrated  in  Figure  1. 
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II,  PROPERTIES  OF  PERIODIC  CIRCUITS 

The  basic  character  of  the  electromagnetic  fields  of  any  periodic  structure  is  determined 
by  Floquet's  theorem,  *  The  statement  of  the  theorem  relevant  to  this  discussion  is  that  for  a 
given  mode  of  propagation  at  a  given  steady-state  frequency,  the  fields  at  one  crosB  section 
differ  from  those  one  period  away  only  by  a  complex  constant  (of  modulus  unity  for  lossless 
propagating  structures).  For  the  electric  field,  this  can  be  expressed  as 


+j0oL 

E(r,  0,  z+L)  =  e  E(r,  0,  z).  (1) 

The  most  general  function  that  can  staisfy  this  requirement  is  the  product  of  exp(±j  /loz)  and 
a  function  of  (r,  0,  z)  that  is  periodic  in  z  with  period  L.  This  latter  function  can  be  ex¬ 
pressed  as  a  Fourier  series  in  z  with  the  Fourier  coefficient  being  functions  of  (r,  0 ). 

The  significance  of  having  two  Floquet  constants  in  Equation  (1)  lies  in  the  fact  that  the  struc¬ 
ture  is  reciprocal  and  can  support  a  corresponding  mode  in  the  backward  direction  for  each 
mode  in  the  forward  direction.  For  ease  of  notation,  the  discussion  will  be  restricted  to  modes 
with  the  Floquet  constant  exp(-j£QL).  The  final  results,  however,  will  be  generalized  to  in¬ 
clude  both  classes  of  modes.  The  magnetic  field,  of  course,  satisfies  an  equation  analogous 
to  (1). 

In  cylindrical  co-ordinates,  the  electric  and  magnetic  fields  can  be  separated  into  trans¬ 
verse  and  axial  components,  and  a  knowledge  of  the  axial  components  of  both  the  electric  and 
magnetic  fields  is  sufficient  to  determine  the  total  fields  (see  Appendix).  Each  of  the  field 
components  must,  of  course,  satisfy  Floquet' s  theorem.  With  no  loss  of  generality  the  ensuing 

discussion  is  confined  to  E  (r,  0 ,  z  ),  since  the  same  discussion  applies  virtually  unchanged 

z 

to  iMr,  0,  z),  and  from  these  two  longitudinal  components  the  transverse  components  can  be 
derived. 

In  addition  to  periodicity  along  the  z  axis,  these  structures  must  also  necessarily  have 
periodicity  in  the  0  direction  with  a  period  2*.  Therefore,  the  field  variation  in  the  0  dir¬ 
ection  can  also  be  expressed  as  a  Fourier  series.  As  a  consequence,  any  field  component  can 
be  expressed  as  a  double  Fourier  series  whose  coefficients  are  functions  of  r  only  (see 
Appendix),  for  example. 


Ez(r,  0,  z)  = 


•hp  +00 

l  l 


n=-oom=-oo 


-jm0 


E 

znm 


(r)  e 


e 


j0oZ  -j2jrnz/L 


(2) 


where  E  (r)  is  the  Fourier  coefficient  of  the  m**1  angular  and  the  n^  axial  space  har- 
znm 

monic.  It  is  customary  to  combine  the  Floquet  phase  factor,  0o,  into  the  axial  Fourier  expan 
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sion  by  defining 

0  =  0  +  2irn  /L  ;  (3) 

n  o 

then 


E  (r,  0,  z)  = 
z 


"too  "too 

Z  l 


n=  -oo  m=  -« 


E 

znm 


(r)  e 


-jm0 


■Kz 


(4) 


There  is  a  wave  component  corresponding  to  each  integer,  n,  which  is  traveling  in  the  z  di¬ 
rection  with  phase  velocity  u/0^.  These  wave  components  are  referred  to  as  axial  space  har¬ 
monics,  and  n=0  is  the  fundamental  space -harmonic  component.  The  numbering  of  the  axial 
space  harmonics  is  arbitrary,  and  the  fundamental  space  harmonic  may  be  chosen  such  that 
-x/L  <0o  <  x/L,  or  as  the  one  with  the  largest  amplitude  coefficient,  or  in  some  other  way. 

For  convenience,  the  fundamental  space  harmonic  here  is  usually  taken  as  that  one  for  which 
|  0q  |  has  the  least  value. 

The  properties  of  periodic  strucutres  that  are  of  interest  to  microwave  engineers  include 
the  general  dependence  of  0q  on  u;  that  is,  the  frequency  bands  where  0q  is  real  (pass 
bands)  or  Imaginary  (stop  bends),  as  well  as  the  more  specific  variation  of  0q  versus  w  with¬ 
in  the  pass  bands.  Clearly  if  0q  versus  u  is  known,  all  the  0^  are  determined.  It  is  also 
of  interest  to  know  whether  axial  and/or  angmar  space-harmonic  field  components  occur  as  well 
as  to  have  some  estimate  of  the  relative  amplitudes  of  the  space  harmonics  that  are  present. 

For  some  modes  the  symmetry  characteristics  of  the  structure  will  provide  information  about 
some  of  these  properties  of  interest. 

The  character  of  the  electromagnetic  fields  in  periodic  structures  is  profoundly  influenced 
by  the  periodicity  of  the  structure  in  both  the  z  and  9  directions.  The  fields  are  essentially 
influenced  by  the  periodic  boundary  conditions  associated  with  the  structure;  they  are  directly 
periodic  in  0  and  have  an  underlying  periodicity  in  z.  That  is,  if  the  Floquet  constant, 
exp(-j0QL),  is  removed,  the  fields  are  periodic  in  z.  Thus,  in  a  certain  sense,  the  fields  can 
be  said  to  have  the  axial  symmetry  (or  periodicity)  of  the  structure. 

The  phrase  "fields  with  the  symmetry  of  the  structure"  ,  or  its  equivalent,  will  be  used  to 
describe  the  situation  existing  when  the  structure  symmetry  has  appreciably  influenced  the  geo¬ 
metry  of  the  electromagnetic  field.  Only  rarely  will  the  electromagnetic  fields  have  precisely 
the  identical  symmetry  of  the  structure,  but  often,  and  in  every  case  of  interest  in  this  discus- 
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sion,  the  structure  symmetry  does  determine  the  underlying,  or  basic,  symmetry  of  the  fields. 
That  is,  for  these  modes  the  fields  at  two  points  in  space  that  are  related  by  the  combined  trans¬ 
lation,  rotation,  and  reflection  operations  appropriate  to  the  structure  symmetry  will  differ,  at 
most,  by  a  complex  constant.  These  fields  will  be  referred  to  as  having  the  symmetry  of  the 
structure.  For  a  few  structure  symmetries,  it  is  not  possible  for  the  underlying  field  symmetry 
to  have  a  symmetry  identical  with  that  of  the  structure,  and  such  case  will  be  pointed  out  in  the 
discussion  to  follow. 

For  convenience,  the  function  F(r,  0,  z)  is  introduced  to  describe  the  various  structure 
symmetry  properties  that  are  discussed.  For  example,  the  basic  axial  periodicity  of  the 
structure  is  described  by  the  equation, 

F(r,  0,  z  +  L)  =  F(r,  0,  z)  .  (5) 

To  describe  the  various  field  symmetries  resulting  from  the  structure  symmetries,  it  is  con¬ 
venient  to  introduce  corresponding  operators  Thus  the  translation  operator,  T,  is  used  to 
represent  the  translation  symmetry  of  the  electromagnetic  fields  that  is  a  consequence  of  the 
axial  periodicity  of  the  structure.  This  translation  operator  is  defined  by 

TE  <r,  0,  z)  =  E  (r,  0,  z  +  L)  ;  (6) 

z  z 


and  from  Floquet' s  theorem. 


+j0°L 

TE  <r,  0,  z)  =  e  E  (r,  0 ,  z) 
z  z 


(7) 


This  is  an  eigenvalue  equation  with  the  two  Floquet  constants,  exp(+j/3oL),  being  the  eigen¬ 
values  of  the  translation  operator.  As  other  symmetries  are  introduced,  and  where  the  fields 
can  have  the  underlying  symmetry  of  the  structure,  additional  symmetry  operators  for  the  fields 
will  be  introduced. 

There  are  seven  common  symmetry  properties  that  periodic  structures  may  possess, 
the  structure  may  have  only  one  of  these  symmetry  properties,  or  any  combination  of  them. 
These  symmetry  properties  are  characterized  by  the  translation,  rotation  and  reflection  op¬ 
erations  (which  can  occur  singly  or  in  combination),  that  cause  the  structure  to  coincide  with 
itself.  Two  of  the  symmetry  types,  the  screw  and  the  glide,  have  much  broader  implications 
for  the  propagation  characteristics  of  a  structure  than  do  the  other  five  types  of  symmetry. 
Therefore,  the  screw  and  glide  are  explored  in  detail,  and  a  major  portion  of  this  paper  is  de¬ 
voted  to  the  consequences  of  these  two  symmetry  properties  on  the  propagation  characteristics. 
The  other  five  symmetry  types  are  examined  more  briefly. 
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IH  SYMMETRY  OPERATORS  FOR  SCREW  AND  GLIDE  SYMMETRY 
A.  Screw  Symmetry:  F(r,  0  +  0,  z  +  6)  =  F(r,  0,  z) 

Screw  symmetry,  or  rotation-translation,  consists  of  a  combined  angular  rotation  plus 
an  axial  translation  causing  the  structure  to  coincide  with  itself.  A  typical  form  that  this  sym¬ 
metry  might  take  is  illustrated  by  the  turnstile  structure  of  Figure  la.  There  a  rotation  of 
^  radians  plus  a  translation  of  a  quarter  of  a  period  causes  the  structure  to  coincide  with  it- 

it 

self,  so  that  0  =  —  radians  and  6  =  L/4  meters. 

O 

Given  a  structure  with  screw  symmetry,  suppose  that  repeated  applications  of  this  sym¬ 
metry  property  are  made;  that  is,  rotation  of  0  radians  with  translation  by  6  meters,  the 
structure  coinciding  with  itself  after  each  pair.  Since  the  structure  is  periodic  both  in  0 
(with  period  2ir)  and  in  z  (with  period  L),  then  both  2*/0  and  L/6  must  be  integers,  say 
p  and  q  respectively.  If  q  -  L/6  pairs  of  rotations  and  translation  are  made,  then 

F(r,  0  +  q0,  z  +q6)  =  F(r,  0  +  q0,  z)  =  F(r,  0,  z)  .  (8) 

Further  consideration  of  the  symmetry  leads  to  the  conclusion  that  q  <p,  since  for  p  pairs 
of  rotations  and  translations,  0  +  p0  =  0  +  2r,  and  the  structure  has  been  rotated  one  com¬ 
plete  revolution.  Then  the  real  period  is  less  than  L,  contradicting  the  original  assumption, 
unless 

z+p6>z+L=z+q6  (9) 

In  fact, 

z+p6=z+crL,  (10) 

where  a  is  a  positive  integer,  since  after  a  net  rotation  of  2%  radians,  the  structure  can,  at 

most,  be  displaced  axially  by  an  integral  number  of  periods.  Therefore,  p/q  =  a,  where  a 

is  an  integer  greater  than  or  equal  to  one.  If  a  is  greater  than  one,  Equation  (8)  states  that 

the  structure  has  angular  rotation  symmetry  in  addition  to  the  screw  symmetry,  since  rotation 

by  q0  =  q2x/p  =  2 x/o  radians  causes  the  structure  to  coincide  with  itself  (see  Section  VIII  B). 

The  structure  illustrated  in  Figure  la  has  p  =  4,  q  ■  4,  and  o  =  1, 

If  the  fields  have  the  symmetry  of  the  sense  discussed  above,  then  there  are  restrictions 

on  the  Fourier  coefficients,  E  (r),  in  the  double  Fourier  series  of  Equations  (2)  or  (4). 

znm 

Introduce  the  screw  operator,  S  ,  where  the  subscripts  p  and  q  are  characteristic  numbers 
for  the  structure: 

SpqEz(r,  0,  z)  =  Ez(r,  0  +  2x/p,  z+L/q)=  s^E^r,  0,  z)  , 


(ID 
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where  s  is  an  eigenvalue  of  the  screw  operator.  It  is  clear  from  the  nature  of  screw  sym- 
Pm 

metry  that  the  repeated  application  of  the  screw  operator  p  times  is  eqiuvalent  to  the  repeated 
application  a  =  p/q  times  of  the  translation  operator,  T: 

SP  E  (r.  0,  z)  =  TP/,qE  (r,  £>,  z)  .  (12) 

pq  z  z 

It  is  also  clear  that  repeated  applications  of  the  screw  operator  q  times  is  equivalent  to  the 
combined  operation  of  a  translation  of  one  period  with  a  rotation  of  2irq/p  =  2w/a  radians: 


Sq  E  (r,  0,  z)  =  R  TE  (r,  0,  z)  ,  (13) 

pq  z  o  z 

where  R^  is  the  rotation  operator  associated  with  the  symmetry  of  the  structure  (see  Section 
VIII  B). 

Since  the  operators  commute,  they  have  common  eigenfunctions  and  (12)  can  be  written 
in  terms  of  the  eigenvalues. 


s 

pq 


- j/3  L  .  -j0  pL/q 

aP  =  <e  0  )p/q=  e  °  , 

pq 

-j0opL/qi/P  -jP0L/q  -j2*(p  +  v  ) 

(e  )  ' r  =  e  e 


(14) 


(15) 


where  a  =  0,  1,  2,  . . .  ,  p-1,  and  v  is  any  integer  (positive  or  negative).  There  are  a  total  of 
p  separate  eigenvalues  for  S  If  (14)  and  (15)  are  applied  to  the  fields  written  in  terms  of 

pq 

the  double  Fourier  series  and  the  appropriate  orthogonality  conditions  are  applied,  then 


-j0oL/q  *j2i-n/q  -j2»m/p  -j^L/q  -j2*(|  +  v ) 
e  e  e  =  e  e 


(16) 


or 


— +  -  =  -  +  v  .  (17) 

p  q  p 

Thus,  for  each  value  of  n,  only  a  restricted  set  of  m  values  are  possible,  these  values  be¬ 
ing  given  by 

m  =  --n+pv  +0-  .  (18) 

q 

For  fixed  n,  the  allowed  values  for  m  are  separated  by  p,  since  v  takes  on  all  integer 

values  from  -oo  to  +*.  Therefore  in  Equation  (4)  only  those  Fourier  coefficients,  E  (r), 

znm 
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will  be  nonzero  for  which  Equation  (18)  is  satisfied. 

Equation  (13)  is  a  statement  of  the  angular  rotation  symmetry  of  the  fields  for  p  >  q,  and 
it  does  not  furnish  new  information  about  the  space  harmonics.  It  fixes  the  requirements  on 
the  m  values  for  any  n  that 

m  =  E  v  +  a'  ,  (19) 

q 

where  o'  =  0,  1,  2 . ^  -  1,  and  v  is  any  integer.  The  m  values  for  a  given  n  in 

Equation  (18)  form  subsets  of  m  values  in  Equation  (19). 

Each  of  the  modes  of  the  structure  which  has  the  underlying  screw  symmetry  of  the 
structure  in  the  sense  discussed  will  have  associated  with  it  a  value  of  a  lying  between  0  and 
p-1,  that  is,  a  is  a  number  that  is  characteristic  of  a  mode.  If  screw  symmetry  is  the  only 
symmetry  the  fields  possess,  then  at  most  there  can  be  p  modes  which  have  this  symmetry. 
However,  because  of  boundary  conditions  on  the  structure,  not  all  the  various  values  of  a  may 
represent  modes  which  can  be  excited  in  practice.  On  the  other  hand,  the  presence  of  other 
symmetries  may  influence  the  occurrence  of  modes  with  particular  values  of  a,  and  there  may 
be  several  modes  whose  fields  include  screw  symmetry  as  well  as  other  symmetries  and  which 
have  the  same  value  of  a.  In  any  case,  any  mode  that  exists  and  has  underlying  screw  sym¬ 
metry  will  have  a  particular  value  of  a  lying  between  0  and  p-1  associated  with  the  for 
that  mode.  For  that  same  mode,  there  will  be  a  corresponding  characteristic  integer  between 

0  and  p-1  associated  with  the  H  for  that  mode,  but  this  characteristic  integer  is  not  neces- 

z 

sarily  identical  with  a  and  often  differs. 

B.  Glide  Symmetry:  F(r,  20^  -  0,  z  +  6)  =  F(r,  0,  z) 

The  second  important  symmetry  is  glide  symmetry,  or  reflection-translation.  Here 
combined  angular  reflection  and  axial  translation  causes  the  structure  to  coincide  with  itself. 

In  this  case  6  must  be  equal  to  L/2,  half  a  period  of  the  strucutre.  There  are  no  restric¬ 
tions  on  the  number  of  angular  reflection  planes  except  that  their  total  must  be  an  even  num¬ 
ber,  and  that  they  must  be  equally  spaced  in  0 .  If  more  than  two  angular  reflection  planes  are 
present,  then  the  structure  also  has  angular  rotation  symmetry,  where  the  characteristic  rota¬ 
tion  angle  is  equal  to  4x  divided  by  the  total  number  of  angular  reflection  planes.  Let  2M  be 
the  total  number  of  reflection  planes,  these  being  located  at  0^  =  xk/M  (k  is  an  integer  in  the 
range,  0  <k  <  2M-1);  then  2x/M  is  the  characteristic  rotation  angle.  Figure  lb  illustrates 
this  symmetry  with  M=l. 

For  fields  with  the  symmetry  of  the  structure,  there  are  restrictions  on  the  angular  and 
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axial  space  harmonics.  Let  G  be  the  glide  operator,  defined  by 

GE  (r,  0,  z)=  E  (r,  20,  -0,  z  +  L/2)  =  gE  (r,  0,  z)  ,  (20) 

z  z  k  z 

where  g  is  an  eigenvalue  associated  with  this  operator.  The  succesive  application  of  the 
glide  operator  twice  is  equivalent  to  an  axial  translation  of  the  field  by  one  period: 

G2E  (r,  0,  z)  =  TE  (r,  0,  z)  ,  (21) 

z  z 

and  since  G  and  T  commute, 

2  ^oL 
g  =  e 

Thus  there  are  two  eigenvalues: 

-j0oL/2 

gl=  6 

-j/3QL/2 

g,  =  -e 


(22) 


(23) 


Applying  this  operator  to  the  fields  written  in  terms  of  the  angular  and  axiai  space  har¬ 
monics,  and  using  the  orthogonality  properties,  one  obtains  the  condition, 

j(2m0  -  fn) 

E  (r)  e  K  =  +  E  (r)  .  (24) 

zn,  -m  znm 

The  plus  sign  corresponds  to  g  and  the  minus  sign  to  g  .  This  equation  must  be  true  regard- 

1  A 

less  of  which  angular  reflection  plane,  0^,  is  chosen.  Since  0^  =  irk/M,  then 

2m0^  =  2xmk/M  .  (25) 

If  m  is  restricted  to  0,  +  M,  +  2M,  +  3M, ....  then  the  dependence  of  Equation  (24)  on  k  is 
removed.  This  restriction  on  the  m  values  is  not  really  a  consequence  of  the  glide  symmetry 
of  the  structure,  but  rather  a  consequence  of  the  angular  rotation  symmetry  which  the  structure 
also  possesses. 

The  glide  symmetry  does  affect  the  space  harmonics,  however,  since  with  the  values  of 
m  properly  restricted  by  the  angular  rotation  symmetry, 
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for  g  ,  and 


Eznrm 


(r)  e 


-jirn 


E 


znm 


(r) 


Eznrm 


(r)  e 


-j*n  _ 


-E 

znm 


(r) 


(26) 


for  gg.  This  implies  that  the  angular  harmonics  associated  with  a  particular  axial  apace 
harmonic  must  have  the  proper  odd  or  even  character,  as  indicated  in  Table  I.  An  examina¬ 
tion  of  the  field  expressions  shows  that  the  corresponding  relations  for  the  axial  magnetic 
field  components  lead  to  a  0  variation  of  sin  m0  and  cos  m0,  respectively,  when  the  axial 
electric  field  components  have  cos  m0  and  sin  m0 . 

C.  Combined  Screw  and  Glide  Symmetry:  F(r,  0  +<l>,  z  +  6)  =  F(r,  0,  z)  and 
F(r,  20  -  0,  z  +6)  =  F(r,  0,  z) 

Many  structures  have  both  screw  and  glide  symmetry  simultaneously,  as,  for  example, 
the  ring-bar  structure  shown  in  Figure  lc.  The  glide  symmetry  imposes  the  condition  that 
6=  L/2,  or  in  terms  of  the  screw  symmetry  indices,  q  =  2  only.  Since  p/q  must  equal  an 
integer,  then  p  must  be  even  integer,  greater  than  or  equal  to  two.  It  is  also  necessary  for 
the  structure  to  have  angular  rotation  symmetry  with  a  characteristic  rotation  angle  equal  to 
4x/ p  for  the  screw  and  glide  symmetries  to  be  compatible.  This  restricts  the  total  number 
of  glide  planes  to  be  equal  to  p. 

This  combination  of  screw  and  glide  symmetry  doesnot  introduce  any  new  conditions  on 
the  space  harmonics  that  were  not  imposed  by  glide  symmetry  alone.  One  may  note  that  for 
screw  symmetry  alone,  q=  2  leads  to  a  space-harmonic  distribution  similar  to  that  for  glide 
symmetry,  since  for  q=  2,  the  sets  of  allowed  m  values  are  either  the  even  or  the  odd  in¬ 
tegers. 

In  the  discussion  of  screw  symmetry,  it  was  noted  that  any  mode  which  possessed  the 
screw  symmetry  of  the  structure  has  a  characteristic  number,  a,  associated  with  it  that  lies 
in  the  range  0  <a  <  p-1.  On  the  other  hand,  there  are  only  two  eigenvalues  associated  with 
glide  symmetry.  Therefore  if  a  mode  is  to  have  simultaneously  both  screw  and  glide  symme¬ 
tries,  then  the  values  of  a  are  restricted  to  0  and  p/2  to  correspond  with  the  two  glide  sym¬ 
metry  eigenvalues.  Modes  with  other  values  of  a  might  exhibit  screw  symmetry,  but  not 
glide  symmetry. 
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IV. 


Table  1.  0  variation  for  axial 

g  n 

g^  even 

g1  odd 

g„  even 

s2 

g  odd 

“2 

MODE  COUPLING 


electric  field  components  with  glide  symmetry. 
E  0  variation 


E 

znm 

s  E 

cos  mfl 

zn. 

-m 

znm 

E 

=  E 

sin  m0 

zn. 

-m 

znm 

E 

=  -E 

sin  m0 

zn, 

-m 

znm 

E 

=  E 

cos  m0 

zn, 

-m 

znm 

The  important  feature  of  the  screw  and  glide  symmetries  is  that  each  impose  restrictions 
on  the  relationship  between  the  angular  (m)  and  axial  (n)  space  harmonic  indices.  For  screw 
symmetry  this  relationship  is  given  by  Equation  (18)  and  for  glide  by  Equation  (26),  which  is 
summarized  in  Table  1.  The  introduction  of  one  of  these  relationships  into  an  adaption  of 
coupled  mode  theory  leads  to  interesting  conclusions  concerning  the  dispersion  characteristic, 
or  u  verus  3  diagram,  of  a  structure  with  the  corresponding  symmetry. 

The  u  verus  3  diagram  for  one  of  the  modes  of  a  periodic  structure  is  periodic  in  0, 
since  for  fixed  u  there  are  an  infinite  set  of  3n  separated  by  2jt/L.  Because  of  the  restric¬ 
tion  to  reciprocal  structures,  there  exists  for  each  mode  with  energy  propagating  in  the  +z 
direction  a  corresponding  mode  with  energy  propagating  in  the  -z  direction.  In  the  discussion 
of  symmetry  operators,  it  was  convenient  to  treat  only  one  of  the  pair,  that  for  which  the 
Floquet  constant  was  exp  (-j3QL).  The  other  mode,  with  Floquet  constant  exp  (+j30L),  can 
be  obtained  by  taking  the  negative  of  3Q  for  the  first  mode.  Treating  the  other  mode  does  not 
change  any  of  the  conclusions  that  have  been  reached  concerning  symmetry. 

Several  typical  classes  of  u  verus  3  diagrams  for  periodic  circuits  for  microwave 
tubes  are  illustrated  in  Figure  2.  Modes  with  energy  propagating  in  the  +z  direction  are  in¬ 
dicated  by  solid  lines  and  those  with  energy  propagating  in  the  -z  direction  by  dotted  lines. 

The  axial  space  harmonic  indices,  n,  are  shown  on  the  curves  for  each  of  the  modes  for  an 
arbitrarily  chosen  numbering  system.  The  u>  verus  3  diagrams  in  Figure  2  fall  into  two  types. 
In  2a  and  2c,  there  is  no  crossing  of  the  mode  curves,  while  in  2b  and  2d,  the  mode  curves  do 
cross.  The  conditions  for  crossing,  or  noncrossing,  of  the  mode  curves  are  of  considerable 
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practical  importance. 

In  terms  of  coupled  mode  theory,  one  can  say  that  a  crossing  will  occur  when  the  two 
modes  do  not  couple,  that  is,  when,  in  some  sense,  neither  mode  "  sees"  the  other.  It  is 
assumed  here  that  coupling  between  two  modes  at  a  particular  frequency  will  occur  whenever 
the  electromagnetic  fields  of  the  modes  are  not  orthogonal  over  a  volume  characteristic  of  the 
structure.  This  characteristic  volume  is  defined  as  being  one  period  long  in  the  z  direction 
and  extending  over  the  total  transverse  cross  section  (out  to  the  surrounding  shield  for  a  closed 
boundary  structure  and  out  to  infinity  for  an  open-boundary  structure).  If  the  fields  of  the 
two  modes  are  othogonal  over  this  volume,  then  the  modes  will  not  couple.  Therefore,  the 
condition  for  the  absence  of  coupling  between  the  modes  is  given  by 

L 

If  /  <Ea  •  5*b  +  E*  •  £b>  r  dr  d9  dz  •  0  (27) 

At 

L 

Jo  £  /  <5a-  5b* +s;  •  3b*  r  dr  d®  d‘*  0  <28> 

where  the  electric  and  magnetic  fields  for  the  two  modes  are  E&  and  H^,  and  and  H^, 
where  represents  the  transverse  cross  section  of  the  structure.  The  left-hand  side  of 
Equations  (27)  and  (28)  is  proportional  to  the  time-average  stored  electric  and  magnetic 
energy  shared  between  the  two  modes.  If  these  shared  energies  vanish,  then  the  modes  do  not 
couple. 

The  integration  in  the  z  direction  gives  a  non-zero  result,  in  general.  Writing  the 
electric  field  in  terms  of  the  axial  space  harmonics,  and  letting 

Dnn'  ’  4/  5an  (r*  ®>  ’  £*bn‘ (r’  ®>  r  dr  d0‘  (29) 

one  obtains  for  the  left-hand  side  of  Equation  (27): 


2  Re 


■ho  +00 

z  z 


n=  -oo  n'  *  -oo 


D 


nn' 


rL  "^oa  *  ^ob)z  *  J2’r(n'n'  ^z/L  1 
f  e  dzj 


+00  +00 

,.  e  -1 

=  2  Re. 

V  y  n 

“  Y  nn' 

n=  -oo  n'  =  -oo 

J  (0-/3  .  )L  +  2w (n  -n' ) 

'oa  ob 
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with  i)  =  (B  -  8  ,  )L  +  2*(n  -  n'  ).  This  is  not  zero,  in  general,  if  the  D  are  not  zero, 
oa  od  nir 

For  the  particular  cases  of  interest  here  where  the  two  modes  are  basically  identical  but 

traveling  in  opposite  directions,  0  =  -  fl  .  Initially,  let  us  consider  the  case  where  the 

ob  oa 

crossover  occures  at  8  =  +  »/L.  For  this  case,  n  =  +  2»  +  2*(n-n'  ),  and  all  the  terms  in 

oa  "■ 

expression  (30)  are  zero  except  for  n  =  n*  +1  for  fl  =  ir /  L,  and  n  =  n'  -1  for  8  =  -»/  L. 

'oa  oa 

Examination  of  Figures  2b  and  2d  shows  that  is  is  just  for  these  pairs  of  axial  space-harmonics 
indices  that  the  crossover  occurs  on  the  u>  versus  8  diagrams. 

The  integrals  of  Equations  (27)  and  (28)  will  be  zero  only  if  the  integration  over  the 
transverse  cross  section  yields  zero.  While  the  integration  in  r  might  yield  zero  in  some 
cases,  it  is  believed  that  this  would  occur  only  rarely,  and  therefore,  this  possibility  is 
ignored.  Thus  the  integration  in  0  plays  the  primary  role  in  determining  whether  the  modes 
couple.  Since  the  0  variation  can  be  written  in  terms  of  a  Fourier  series  of  angular  space 
harmonics,  exp  (-jm0 ),  orthogonality  can  exist  only  if  the  intersecting  branches  possess 
completely  distinct  values  of  m,  or  if  the  Fourier  coefficients  are  such  that  the  exponentials 
can  be  combined  so  that  one  branch  contains  only  sin(m0 )  and  the  other  contains  only  cos(m0 ). 
Since  for  the  coupling  situation  considered  here,  contributions  to  the  coupling  integrals,  (27) 
and  (28),  occur  only  for  neighboring  values  of  the  axial  space -harmonic  indices  of  the  two 
modes,  the  possible  m  values  for  neighboring  n  values  must  be  examined.  For  screw 
symmetry,  by  Equation  (18)  the  m  values  must  be  different  for  neighboring  values  of  n,  for 
glide  symmetry,  neighboring  values  of  n  have  a  0  dependence  which  shifts  from  sin  m0  to 
cos  m0,  or  vice  versa  (Table  1).  Thus  screw  and  glide  symmetries  have  the  requisite 
conditions  for  orthogonality  of  the  two  crossing  modes,  and  coupling  does  not  exist. 

Structures  with  screw  and/  or  glide  symmetry  would  be  expected  to  exhibit  u  versus  8 

diagrams  of  the  type  shown  in  Figures  2b  and  2d,  and  this  is  indeed  the  case.  For  example, 

the  helix  ,  Figure  6a,  which  might  be  considered  the  limiting  case  of  screw  symmetry  (with 

both  <p  and  6  being  infinitesmal),  has  a  dispersion  curve  similar  to  Figure  2d.  The  cross- 
3  4 

wound  helix  and  the  ring-bar  family  ,  Figure  9,  are  structures  which  have  both  screw  and 
glide  symmetry  and  also  exhibit  a  dispersion  curve  similar  to  Figure  2d.  Coupled  cavity 

5 

structures,  typified  by  the  Hines  structure  of  Figure  3a  and  the  structure  of  Figure  3b 
which  have  both  screw  and  glide  symmetry,  are  examples  of  structures  with  dispersion  curves 
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of  the  type  shown  in  Figure  2b.  Screw  or  glide  symmetry  is  a  sufficient  condition  for  mode 
orthogonality,  zero  coupling,  and  hence,  the  possibility  of  mode  crossings.  The  question  of 
whether  one  of  these  symmetry  types  is  a  necessary  condition  has  not  been  examined,  but 
every  case  of  mode  crossing  that  we  have  observed  has  involved  either  screw  or  glide 
symmetry,  or  both. 

The  preceding  discussion  represents  a  departure  from  the  customary  application  of 

g 

coupled  mode  theory  ,  in  which  circuits  of  known  characteristics  are  coupled,  and  the 
characteristics  of  the  composite  circuit  are  derived  as  a  perturbation  of  the  uncoupled 
characteristics.  In  the  present  instance,  only  the  composite  structure  is  known,  and  the 
nature  of  the  hypothetical  uncoupled  circuits  is  of  no  interest  or  importance  to  the  problem. 

It  is  assumed  that  the  branches  of  the  u  versus  0  diagram  for  the  hypothetical  circuits  have 
the  same  angular  harmonic  content  as  the  corresponding  branches  of  the  actual  circuit,  and 
hence,  predict  the  proper  coupling  and  crossing  behavior. 

Consider  now  somewhat  more  general  mode-coupling  possibilities.  In  general,  the 
possible  mode  crossings  for  a  reciprocal  pair  of  modes  could  accur  for  0^  =  =  p  »/  L, 

where  p  is  any  integer,  positive  or  negative  (p  =  +  1  was  considered  above).  Now,  rj  =  2 wp 
+  2ir(n  -n'  ),  and  all  the  terms  in  expression  (30)  will  be  zero  except  for  n'  =  n  +  p.  First, 
the  implications  of  this  for  screw  symmetry  will  be  investigated.  Equation  (18)  states  that 
for  a  given  mode  (fixed  value  for  a);  the  m  values  for  any  n  are  separated  by  p;  the  m  values 
increase  by  -p/  q  when  n  increases  by  1;  and  the  set  of  m  values  for  every  q**1  n  are  identical. 
Therefore,  there  can  be  coupling  between  the  reciprocal  modes  only  if  p  is  an  integer  multiple 
of  q.  As  a  consequence,  there  can  be  no  mode  crossings  at  locations  where  p  is  an  integer 
multiple  of  q,  but  mode  crossings  can  occur  for  all  other  values  of  p. 

Next,  the  implications  for  glide  symmetry  are  examined.  Table  1  states  that  for  all 
given  mode  (corresponding  to  one  of  the  eigenvalues,  g  or  g  )  the  0  variation  changes 

1  P 

alternately  from  sin  (m 6)  to  cos  (m 0 ),  or  vice  versa,  for  each  unit  increase  in  n.  Therefore, 
mode  coupling  between  reciprocal  modes  will  occur  when  p  is  an  even  integer,  but  not  when 
p  is  an  odd  integer.  And  as  a  consequence,  there  can  be  no  mode  crossings  if  p  is  an  even 
integer,  while  mode  crossings  will  occur  if  p  is  an  odd  integer. 

This  theory  would  appear  to  predict  that  coupling  might  also  occur  between  completely 
different  modes.  At  the  present  time,  this  must  be  regarded  as  conjecture,  and  has  not  been 
experimentally  confirmed.  These  couplings,  however,  appear  to  be  of  little  practical  significance 
in  comparison  to  the  coupling  between  space  harmonics  of  the  reciprocal  modes. 
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V.  APPARENT  PERIODICITY  FOR  SCREW  SYMMETRIC  STRUCTURES 


The  fields  along  the  symmetry  axis  of  a  screw  symmetric  structure  exhibit  an  under¬ 
lying  periodicity  which  is  different  from  the  real  period  of  the  structure  because  of  the 
restrictions  on  the  allowed  values  of  m  given  by  (18).  If  it  is  assumed  that  there  is  a  region 
surrounding  the  symmetry  axis  that  is  empty  (almost  always  the  case  for  microwave  tube 
structres,  at  least),  then  the  expressions  for  the  electromagnetic  fields  in  the  neighborhood 
of  the  symmetry  axis  are  those  given  in  the  Appendix.  Because  the  radial  variation  of  the 
axial  space -harmonic  components  of  the  longitudinal  fields,  E^  and  H^,  varies  as  I^(  Ynr) 
where  I  is  a  modified  Bessel  function  of  order  m,  these  axial  space  harmonic  components 
can  be  non-zero  on  the  axis  (r  =  0)  only  if  m  =  0  is  one  of  the  allowed  values  for  the  particular 
n  being  considered. 

For  a  given  mode,  that  is,  a  given  value  of  a,  only  those  axial  space  harmonics  which 
have  n  values  satisfying 

—  -  —  =  integer  (31) 

q  p 

will  include  m  =  0,  and,  hence,  have  non- zero  E  or  H  on  the  symmetry  axis.  This  can 

zn  zn 

be  satisfied  for  only  a  portion  of  the  modes,  those  having  values  of  a  that  are  zero  or  an 
integer  multiple  of  p/  q.  And  for  the  modes  which  can  satisfy  (31),  only  1/  q  of  the  total 
possible  n  values  will  satisfy  (31).  Because  of  this  limitation  on  n,  the  apparent  period  for 
the  structure  which  would  be  determined  by  examining  the  longitudinal  fields  along  the 
symmetry  axis  is  L/  q.  It  may  be  noted  that  the  characteristics  of  traveling-wave-tube 
interaction  structures  are  commonly  investigated  by  exploring  the  longitudinal  electric  field 
along  the  symmetry  axis.  For  example,  the  ring-bar  circuit  with  q  =  2  (Figure  lc)  has  an 
apparent  periodicity  of  L/  2,  while  a  helix  supported  by  three  rods  has  q  =  3  (Figure  6b)  and 
an  apparent  periodicity  of  L,/  3.  An  unsupported  helix  has  q  — *  oo;  in  this  case  the  longitudinal 
fields  on  the  symmetry  axis  are  non-zero  only  for  n  =  0,  and  as  far  as  these  fields  are  con¬ 
cerned,  the  structure  appears  to  be  uniform,  not  periodic. 

Thus,  if  one  determines  the  w  versus  0  diagram  for  a  periodic  structure  with  screw 
symmetry  by  exploring  only  the  longitudinal  fields  on  the  symmetry  axis,  the  complete  to  versus 
0  diagram  for  the  structure  may  not  be  found.  In  particular,  those  branches  of  the  u>  versus 
0  diagram  corresponding  to  space-harmonic  fields  that  are  zero  on  the  symmetry  axis  will  not 
be  located.  As  a  consequence,  the  diagram  determined  in  this  manner  may  indicate  an  appar¬ 
ent  periodicity  for  the  structure  which  is  shorter  than  the  real  period.  As  an  illustration,  the 
folded  waveguide  of  Figure  4a  has  an  u>  versus  0  diagram  for  the  longitudinal  electric  field 


PIBMRI- 1113-63 


16 


on  the  symmetry  axis  as  shown  in  Figure  4b,  but  the  complete  diagram  for  the  structure  is 
shown  in  Figure  4c. 

A  similar  discussion  applies  to  the  transverse  fields  on  the  symmetry  axis.  The 
radial  variation  of  the  space -harmonic  components  of  the  transverse  fields  is  given  by  a 
combination  of  I'  ^  (y^r)  and  ml^fy^r)/ y^r.  These  will  be  non-zero  at  r  =  0  only  for  m  =  + 1. 
From  (17), 

-  -  =  integer,  (32) 

q  P 

for  m  =  +  1.  Again,  only  part  of  the  modes  will  satisfy  this,  those  having  a  +  1  equal  to  zero 
or  an  integer  multiple  of  p /  q.  And  again,  for  those  modes,  only  1/  q  of  the  total  possible  n 
values  will  satisfy  (32),  in  general.  For  p/  q  =  1  or  2,  however,  both  a  +  1  and  a  -  1  could  be 
an  integer  times  p/  q  (for  all  a  in  the  first  case  and  for  odd  a  in  the  second  case),  therefore  the 
number  of  n  values  for  non-zero  transverse  fields  on  the  axis  would  be  2/q  of  the  total  in 
these  special  cases. 
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VI.  LEAKY  WAVE  ANTENNAS 

Structural  symmetries  have  important  consequences  for  leaky  wave  antennas  .  Con¬ 
sider  the  idealized  u  versus  /3  diagram  shown  in  Figure  5a  for  an  open-boundary  structure  suitable 
for  radiation.  The  triangular  regions  with  horizontal  shading  are  regions  where  propagation 
without  radiation  may  occur.  The  unshaded  region  is  the  region  where  the  space  harmonics  will 
be  leaky  waves,  and  radiation  may  occur.  The  leaky  wave  region  is  defined  by  the  relation 
|k|  >  |/3 1,  where  k  =  —  (see  Appendix).  The  encircled  point  represents  broadside  operation 
of  an  antenna  with  a  radiating  n  =  -1  axial  space  harmonic.  If  coupling  between  the  reciprocal 

modes  occurs  at  this  point,  then  the  modes  will  not  cross  and  the  group  velocity  of  the  structure 

9  w  8 

will  be  nearly  zero  there  (since  — r-  will  be  nearly  zero).  As  shown  by  Hessel  ,  the  amplitude 

a  p 

of  the  radiating  space  harmonic  decreases  sharply  under  these  circumstances.  Thus  the  broad¬ 
side  rediation  characteristics  of  an  antenna  are  strongly  influenced  by  the  structure  symmetry 
through  the  possible  mode  coupling. 

In  the  leaky  wave  region  /3  is  complex  and  a  complete  description  of  the  coupling  would 
require  a  three-dimensional  plot  of  u  versus  complex  ft.  The  desired  information  can  be 
obtained,  however,  from  the  w  versus  Re/3  diagram.  In  this  instance,  the  possible  coupling 
might  occur  at  =  "^ob  =  and  p  =  2.  Since  p  is  even,  for  glide  symmetry  the 

reciprocal  modes  couple  and  there  can  be  no  mode  crossing.  Hence  structures  with  glide 
symmetry,  for  example  the  slotted  waveguide  shown  in  Figure  lb,  will  not  radiate  exactly 
at  broadside.  For  screw  symmetry,  the  discussion  of  the  last  section  showed  that  mode 
coupling  will  occur  if  p  is  an  integer  multiple  of  q.  In  this  case,  mode  coupling  will  occur 
for  q  =  1  or  2,  and  for  these  values  mode  crossing  will  not  occur  and  the  structure  will  not 
radiate  exactly  at  broadside.  For  q>  3,  however,  mode  coupling  will  not  occur,  mode  crossing 
will  be  present,  and  the  structure  will  radiate  broadside. 

In  summary,  a  structure  with  glide  symmetry  will  not  radiate  exactly  at  broadside 
with  the  n  =  -1  axial  space  harmonic,  while  a  structure  with  screw  symmetry  will  radiate 
broadside  only  if  q  >  3.  The  turnstile  antenna  shown  in  Figure  la  illustrates  a  structure  with 
four-.fold  screw  symmetry  (p  =  q  =  4)  which  accordingly  radiates  broadside.  The  u  versus 
Re/3  for  the  turnstile  will  have  the  form  shown  in  Figure  4b;  the  first  mode  coupling  occurs 
for  =  4ir/ L.  The  helix  possesses  the  highest-order  screw  operator  (p,  q-»oo),  the  differ¬ 
ential  screw  operator.  Therefore,  there  is  no  mode  coupling  for  any  value  of  p,  and  all 
possible  mode  crossings  will  occur,  as  shown  in  Figure  4a.  As  a  result,  the  helix  is  capable 
of  broadside  radiation.  It  is  interesting  to  note  that  for  a  helix  supported  by  dielectric  rods 
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to  radiate  broadside,  there  must  be  at  least  three  equally  spaced  supporting  rods.  For 
equally  spaced  supporting  rods,  the  value  of  q  for  the  supported  helix  is  equal  to  the  number 
of  rods,  as  we  have  seen,  q  must  be  at  least  three  for  broadside  radiation. 

It  is  also  of  interest  to  note  than  an  open  structure  with  combined  screw  and  glide 
symmetry  will  not  radiate  exactly  at  broadside.  As  shown  above,  this  type  of  structure  must 
have  q  -  2,  and  hence,  will  not  radiate  broadside  with  the  n  =  -1  axial  space  harmonic. 
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vn.  MICROWAVE  TUBE  CIRCUITS 

Microwave  tubes  which  use  extended  Interaction  between  an  electron  beam  and  a 
propagating  circuit,  such  as  traveling-wave  tubes  ard  backward-wave  amplifiers  and  oscill¬ 
ators,  use  periodic  structures  for  the  interaction  circuits.  Most  of  the  periodic  circuits 
which  are  currently  employed  in  these  microwave  tubes  have  screw  and /  or  glide  symmetry. 

The  reasons  for  the  extensive  utilization  of  these  symmetries  are  not  entirely  clear  because, 
presumably,  periodic  structures  with  other  symmetries  might  yield  comparable  bandwidths 
and  interaction  impedances.  And  at  high  power  levels,  certain  of  the  properties  possesed 
by  structures  with  screw  and/or  glide  symmetry  may  be  undesirable. 

When  the  electron  beam  diameter  is  small  in  terms  of  guide  wavelength,  screw 
symmetry  does  have  an  advantage  because  of  the  characteristics  of  the  electromagnetic  fields 
which  lead  to  the  reduced  apparent  period  on  the  symmetry  axis  (Section  V).  This  reduction 
in  apparent  period  is  caused  by  the  zero  amplitude  of  certain  of  the  space  harmonics  on  the 
symmetry  axis.  That  is,  an  electron  beam  which  is  filamentary  "  sees"  fewer  space  harmonic 
fields  than  a  thick  beam.  The  helix,  either  unsupported  or  supported  by  a  concentric  dielect¬ 
ric  shell  is,  perhaps,  the  most  striking  example  of  this.  Figure  6a  shows  an  idealized  w 
versus  0  diagram  for  a  helix.  Only  the  fundamental  space  harmonic  is  non-zero  on  the  axis 
of  the  helix;  this  space  harmonic  is  denoted  by  the  solid  line  on  the  diagram.  Thus  a  filament¬ 
ary  electron  beam  along  the  axis  of  the  helix  "  sees"  only  a  single  space  harmonic  field,  and 
as  far  as  the  electron  beam  is  concerned,  the  structure  is  uniform,  not  periodic.  For  a 
filamentary  electron  beam  there  will  be  no  possibility  of  interacting  with  the  n  *  -1  space 
harmonic  and  producing  a  backward-wave  oscillation  in  this  case  since  this  space  harmonic 
will  have  zero  amplitude  at  the  electron  beam. 

When  a  helix  is  supported  by  three  dielectric  rods  equally  spaced  azimuthally,  the 
apparent  period  as  seen  by  a  filamentary  electron  beam  on  the  axis  is  L/  3,  as  indicated  by 
the  solid  lines  in  Figure  6b.  Again,  for  a  filamentary  electron  beam  the  n  *  -1  space  harmonic 
will  not  interact  to  cause  backward -wave  oscillation. 

A  thick  electron  beam  which  fills  an  appreciable  fraction  of  the  structure  cross 
section  will  "  see"  the  complete  space  harmonic  spectrum  for  the  structure.  Since  both 
screw  and  glide  symmetries  can  have  mode  crossings  (see  Section  IV),  traveling-v/ave  tube 
structures  with  one  or  both  of  these  symmetries  may  have  difficulties  with  backward-wave 
oscillations  in  the  operating  frequency  band  if  the  electron  beam  diameter  is  appreciable. 

This  problem  can  be  minimized  by  limiting  the  beam  diameter  and  by  choosing  an  operating 
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band  well  below  the  frequency  at  which  the  modes  cross.  However,  this  limits  the  power 
handling  capability  of  the  tube  since  the  total  beam  current  will  be  restricted.  Traveling 
wave  tubes  using  helices  are  an  example  of  this.  The  power  handling  capability  of  these 
tubes  is  restricted  by  the  onset  of  backward -wave  oscillations  as  the  power  level  is  raised. 

One  solution  to  this  problem  is  to  start  with  circuits  with  screw  symmetry  and 
destroy  the  screw  symmetry  by  introducing  appropriate  asymmetric  structures.  Then 
mode  coupling  would  take  place  and  no  mode  crossings  could  occur.  For  example,  if  a 
helix  supported  by  three  dielectric  rods  had  rods  which  differed  in  shape,  size,  or  dielect¬ 
ric  constant,  or  which  were  oriented  asymmetrically  about  the  helix,  then  the  screw  symmet¬ 
ry  would  be  destroyed.  This  would  alleviate  the  backward-wave  oscillation  problem.  Of 
course,  other  types  of  oscillation,  such  as  band  edge  or  higher  passband  oscillations,  may 
be  of  equal  or  more  Importance  in  particular  cases. 

Another  solution  to  the  backward-wave  oscillation  problem  is  to  develop  circuits 

9 

which  have  neither  screw  nor  glide  symmetry.  The  meander  line  is  an  example  of  this 
approach;  see  Figure  7.  Since  there  are  no  mode  crossings  within  the  lowest  passband  there 
is  no  possibility  of  backward-wave  oscillation  there.  This  accounts  at  least  partially  for 
its  success  as  a  wide  band,  high  power  traveling-wave  tube  interaction  circuit.  In  the  future 
a  fruitful  approach  to  the  development  of  interaction  circuits  for  high  power  traveling -wave 
tubes  may  be  to  develop  appropriate  structures  which  have  neither  screw  nor  glide  symmetry. 
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Vin.  OTHER  SYMMETRIES 

A.  Axial  Reflection:  F(r ,9,  2zfc  -  z)  ■  F(r,  8,z). 

If  reflection  planes  perpendicular  to  the  z  axis  exist  at  z  ■  z^  about  which  the 
structure  has  reflection  symmetry,  there  are  two,  and  only  two,  reflection  planes  per 
period  of  the  structure,  and  these  must  be  separated  by  a  distance  L/  2.  This  restriction 
follows  from  the  fact  that  the  real  period  of  the  structure  is  taken  as  L,  and  only  two  reflection 
planes  per  period  separated  by  L/  2  can  be  consistent  with  this  period.  Thus  for  this  condition, 
k  *  1,  2  and  z^  ■  z^  +  L/  2.  This  symmetry  is  illustrated  in  Figure  8a. 

In  this  case,  for  a  single  propagating  wave,  it  is  not  possible  for  the  electromagnetic 

fields  to  have  the  symmetry  of  the  structure.  If  this  field  symmetry  were  possible,  the 

axial  space  harmonics  would  have  to  be  related  by  E  (r,  9 )  »  E  (r,  9 ).  This  can  be  true 

zn  z,  -n 

only  ify_n  »  which  occurs  at  /3q  »  0,  only.  Thus,  in  general,  one  may  conclude  that  a 
single  mode  cannot  have  fields  with  the  axial  reflection  symmetry  of  the  structure.  This 
conclusion  is  not  correct  if  a  standing  wave  is  present  (a  pair  of  propagating  waveB  moving 
in  opposite  directions);  here  the  fields  will  have  the  axial  reflection  symmetry  of  the  structure. 

B.  Angular  Rotation:  F  (r,  9  +  *,  z)  ■  F  (r,  9,  z). 

Figure  8b  illustrates  this  type  of  symmetry  with  a  ring-line  circuit  (which  also  has 
axial  reflection  symmetry.  )  Since  successive  rotations  of  *  radians  cause  the  structure  to 
coincide  with  itself,  and  a  rotation  of  2x  radians  must  also  produce  this,  then  a  *  2x/$is  an 
integer.  There  are  no  restrictions  on  the  value  that  a  may  assume.  In  Figure  8b,  the  example 
has  o  equal  to  2. 

In  this  case  it  is  possible  for  the  fields  to  have  the  symmetry  of  the  structure  in  the 

sense  discussed  above.  Define  the  rotation  operator,  R  ,  such  that 

o 

R  E  (r,  9,  z)  =  E  (r,  9  +  ♦  z)  =  r  E  (r,  9,  z),  (33) 

o  z  z  a  z 

where  is  the  associated  eigenvalue.  Since  o  repeated  rotations  cause  the  structure  to  be 
rotated  one  complete  revolution,  then 

Ra  E  (r,  9,  z)  »  E  (r,  9,  z)  *  r°  E  (r,  9,  z),  (34) 

<7  Z  Z  <7  Z 

-j2#k/  ct, 

r  *  e 
a 


(35) 
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where  0  <  k  <  a  -L  Each  separate  value  of  k  in  the  given  range  corresponds  to  a  mode  of 
the  structure  whose  fields  have  the  rotational  symmetry. 

,The  9  variation  of  the  fields  may  be  described  by  a  Fourier  series  in  9,  and  by  using 
the  orthogonality  properties  of  the  angular  space  harmonics  one  can  see  that  Equation  (33) 
implies  that 

e-Jm*.  e-j2sk/o  (36) 

for  all  values  of  m  that  have  non-zero  Fourier  coefficients.  Since  ♦  »  2w/  a,  then  for  each 
value  of  k  there  is  a  set  of  values  of  m  which  are  allowed: 

m  «  k.  k  +  a,  k  +  a,  k  +  3a,  . . .  .  (37) 

Thus  only  a  portion  of  the  total  possible  number  of  angular  space  harmonics  will  be  present 
for  those  modes  which  have  the  rotational  symmetry  of  the  structure. 

C.  Angular  Reflection:  F  (r,  29^-9,  z)  ■  F  (r,  9.  z). 

For  this  structure  symmetry,  there  may  be  any  even  number  of  reflection  planeB 
in  the  range  0  <  9  <  2x,  because  if  9  ^  is  such  a  reflection  plane,  then  9  ^  +  »  must  also  be  a 
reflection  plane.  In  addition,  all  of  the  reflection  planeB  must  be  equally  spaced  in  9 .  Thus 
if  the  total  number  of  reflection  planes  1b  N  (N  must  be  even),  these  reflection  planeB  will  be 
spaced  at  2*/  N  radians.  Figure  8c  illustrates  this  symmetry  with  N  »  2. 

Again,  it  is  possible  for  the  fields  to  have  the  symmetry  of  the  structure.  Define 
the  angular  reflection  operator,  A, 

AE  (r,  9,  z)  ■  E  (r,  29  -9,  z)  *  a  E  (r,  9,  z),  (38) 

z  z  j  z 

where  a  is  the  associated  eigenvalue.  Two  successive  angular  reflections  give  the  original 
field, 

A2  E  (r,  9,  z)  »  E  (r,  9,  z)  *  a2  E  (r,  9,  z),  (39) 

z  z  z 

and  there  are  two  eigenvalues,  a  =  +1. 

Consider  first  a  =  +  1,  for  which  the  electric  field  is  symmetric  about  the  planes 
9  *  9  j.  Using  the  orthogonality  of  the  space  harmonics,  one  can  write  Equation  (38)  as 
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j2m0  . 
e  J 


E  (r)  -  E 
zn,  -m  znm 


(r). 


(40) 


For  a  given  mode,  this  must  be  independent  of  0 
values  can  have  non-zero  Fourier  coefficients. 
2m/ N  must  be  an  integer: 


j,  and,  as  a  consequence, 
Choosing  0  ■  0  so  that  0 


J 


only  certain  m 
■  2vj/N,  then 


m  •  0,  N/2,  2N/2,  3N/2,  ... 


(41) 


Ezn,-m 


(r)  -  E 


znm 


(r). 


(42) 


In  this  case  it  turns  out  that  H  is  antisymmetric  about  the  0  .  planes  so  that  H  (r)  « 

z  j  zn,  -m 

-  H  (r). 
znm 


For  a  ■  -1  ,  the  second  eigenvalue,  E^  is  antisymmetric  and  is  symmetric  about 


the  0  planes: 

J 


E  (r)  «  -  E  (r), 

zn,  -m  znm 


H  (r)-  -  H  (r). 
zn,  -m  znm 


(43) 


The  allowed  values  of  m  are  those  given  in  Equation  (41).  These  restrictions,  of  course, 
lead  to  azimuthal  variations  of  sin  m0  or  cos  i»0  for  each  of  the  angular  space  harmonic 
fields. 

If  a  structure  has  N  angular  reflection  planes,  then  it  also  has  angular  rotation 
symmetry  with  o  ■  N/2.  The  converse  need  not  be  true;  a  structure  with  angular  rotation 
symmetry  need  not  have  angular  reflection  symmetry. 

D.  Skew  Symmetry:  F(r,  20^-0,  2z^  -z)  ■  F  (r,  0,  z). 

In  skew  symmetry,  a  combined  reflection  in  an  angular  reflection  plane  with  reflect¬ 
ion  in  an  axial  reflection  plane  causes  the  structure  to  coincide  with  itself,  as  illustrated 
in  Figure  8d.  To  satisfy  the  axial  periodicity  of  the  structure,  there  can  be  two,  and  only 
two,  axial  reflection  planes  per  period,  separated  by  L/  2.  Thus  k  *  1,  2  only  and  z^  *  z ^ 

+  L/  2.  There  can  be  only  an  even  number  of  angular  reflection  planes,  say  N,  and  these 
must  be  equally  spaced  azimuthally  at  2*/N  radians. 

Because  of  the  axial  reflection  planes,  it  is  not  possible  for  the  fields  of  a  single  mode 
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to  have  the  full  symmetry  of  the  structure  (this  would  again  imply  that  y  »  y  ,  which 

-n  n 

occurs  only  for  *  0).  It  would  be  possible  for  the  fields  to  have  angular  symmetry, 

however.  If  there  is  angular  reflection  symmetry  of  the  fields,  then  the  allowed  m  values 

will  be  restricted,  and  the  Fourier  coefficients,  E  (r)  and  E  (r),  will  be  related. 

znm  zn,  -  m 

E.  Rotation- Reflection:  F(r,  8  +  *,  2zk  -z)  «  F  (r,  8,  z). 

Combined  angular  rotation  with  reflection  in  an  axial  reflection  plane  will  cause 
the  structure  with  this  symmetry  to  coincide  with  Itself,  as  illustrated  in  Figure  8e.  Again, 
to  satisfy  the  axial  periodicity  of  the  structure,  there  can  be  two,  and  only  two,  axial  re¬ 
flection  planes  (k  »  1,  2)  separated  by  a  half  a  period,  L/  2.  There  are  no  restrictions  on 
the  angular  rotation  parameter,  except  that  a  »  2*/  ♦,  where  a  is  any  integer,  since  the 
structure  is  periodic  in  9 .  As  in  every  symmetry  case  involving  axial  reflection  planes,  it 
is  not  possible  for  the  fields  of  a  single  mode  to  have  the  full  symmetry  of  the  structure, 
except  possibly  at  =  0.  The  fields  might  have  angular  rotation  symmetry,  if  so,  the 
allowed  values  of  m  will  be  restricted. 

F.  Combined  Symmetries 

The  connected-ring  class  of  structures  possess  all  seven  symmetries  discussed  in 
this  paper  simultaneously.  The  ring-bar  circuit  shown  in  Figure  lc  is  the  simplest  example 
of  this  class,  and  several  others  are  shown  in  Figure  9.  For  each  of  these  structures  q  *  2, 
and  p  is  an  even  integer.  There  are  two  modes  for  each  of  the  structures  (corresponding  to 
a  =  0  and  or  =  p/  2)  for  which  the  underlying  symmetry  of  the  fields  is  that  of  the  structure. 

On  the  symmetry  axis,  the  apparent  periodicity  of  the  longitudinal  fields  is  L/  2  for 
these  modes.  For  the  mode  with  or  ■  0,  the  fundamental  axial  space  harmonic  component 
of  Hz  is  zero  on  the  symmetry,  while  for  a  =  p/  2,  the  fundamental  axial  space  component 
of  is  zero  on  the  symmetry  axis.  Because  of  the  presence  of  glide  symmetry,  there  will 
be  no  mode  coupling,  and  hence  mode  crossing,  when  0L/ir  is  an  odd  integer,  while  when 
0L/  x  is  an  even  integer  mode  coupling  will  occur,  and  there  will  be  no  mode  crossings. 

This  latter  situation  prevents  this  class  of  structure  from  radiating  exactly  at  broadside. 
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DC,  CONCLUSIONS 

Considerable  useful  information  concerning  the  electromagnetic  fields  associated 
with  periodic  microwave  guiding  or  radiating  structures  can  be  derived  from  the  symmetry 
properties  of  these  structures.  It  has  been  shown  that  screw  and  glide  symmetries  are 
particularly  Important  in  determining  the  characteristics  of  the  fields.  For  example,  these 
symmetries  control  the  occurrence  of  mode  crossings  which  establish  the  broadside  radiation 
characteristics  of  leaky  wave  antennas  and  Influence  the  capability  for  backward-wave 
oscillations  of  microwave  tube  interaction  circuits.  Also,  in  structures  with  screw  symmetry 
the  fields  in  the  neighborhood  of  the  symmetry  axlB  may  indicate  an  apparent  structure 
period  which  is  less  than  the  real  period  of  the  structure. 

It  is  possible  that  the  structure  symmetry  will  Influence  other  characteristics  of  the 
electromagnetic  fields  of  periodic  structures.  The  authors  believe  that  consideration  of  the 
consequences  of  the  symmetries  of  periodic  microwave  structures  may  provide  a  fruitful 
approach  to  the  solution  of  many  analysis  and  synthesis  problems  involving  these  structures. 


Figure  1  a)  Turnstile  antenna  with  screw  symmetry.  p=q=4 
b)  Slotted  waveguide  with  glide  symmetry.  M=  1  c)  Ring -bar 
circuit  with  combined  screw  and  glide  symmetry  p=q=2 
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Figure  2  Typical  w  versus  (3  diagrams  for  periodic  structures. 
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Figure  3  Periodically  loaded  waveguide  structures  with  combined 
screw  and  glide  symmetry,  a)  Hines  Structure,  b)  Long  slot  coupled 
structure. 
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Figure  4  a)  Folded  waveguide  with  aperture  along  symmetry  axis. 
b)w  versus  P  diagram  for  longitudinal  electric  field  on  symmetry 
axis,  c)  Complete  w  versus  P  diagram. 
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Figure  5  a)  Idealized  w  versus  Re  P  diagram  for  a  leaky  wave  antenna. 
Leaky  wave  region  is  unshaded,  b)  Idealized  u  versus  Re  P  diagram  for  a 
turnstile  antenna,  p  =  q  =  4. 
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Figure  6  a)  Idealized  w  versus  P  diagram  for  a  helix;  propagation  region 
only  shown,  b)  Idealized  w  versus  P  diagram  for  a  helix  supported  by  three 
dielectric  rods;  propagation  region  only  shown. 
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Figure  7  a)  Meander  line.  b)w  versus  P  diagram  for  a  meander  line. 
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Figure  8  a)  Slotted  waveguide  with  axial  reflection  symmetry,  b)  Ring¬ 
line  circuit  with  angular  rotation, symmetry,  cr  =  2.  c)  Slotted  wave¬ 
guide  with  angular  reflection  symmetry,  d)  Slotted  waveguide  with  skew 
symmetry,  e)  Slotted  waveguide  with  rotation-reflection  symmetry. 
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Appendix 

For  lossless,  reciprocal  structures  which  are  periodic  along  a  rectilinear  direction 
(the  z  direction)  there  are  certain  useful  relationships  involving  the  electromagnetic  field 
components.  Floquet' s  theorem  holds  for  both  the  electric  and  magnetic  fields  so  that 
these  can  be  written  (assuming  a  time  variation  of  e*^  )  as 

-j0oz 

E  (r,  8,  z)  •  e  Ej  (r,  8,  z),  (A-l) 

-tf0z 

H  (r,  8,  z)  «  e  g1  (r,  8,  z).  (A-2) 

here  (r,  8 ,  z)  and  (r,  8,  z)  are  functions  periodic  in  z  with  period  L  equal  to  the 
structure  period.  Because  of  this  periodicity,  the  z  variation  of  the  fields  can  be  expressed 
using  a  Fourier  series.  In  addition  to  the  axial  periodicity,  the  electromagnetic  fields 
must  also  be  azimuthally  periodic  with  period  2*  in  8 .  Thus  the  azimuthal  variation  of  the 
fields  can  also  be  represented  by  a  Fourier  series.  The  fields  therefore  can  be  written  as 


£(r,  8,  z) 


+  00 

e 


+  00 

E 


n=  ~oo  m*  -oo 


E_  (r) 

nm 


-jme 


-J0nz 


(A-3) 


+»  +oo  -j0  z 

H(r,  8,  z)  £  E  Bnm  (r)  e  e  ,  ”  (A-4) 

n=  -oo  m*  -oo 

where 

0  =  0  +2*n/L.  (A-5) 

n  o 

E  (r)  and  H  (r)  are  the  Fourier  coefficients  for  the  n**1  axial  and  m**1  angular  space 
nm  nm 

harmonic  components  of  the  fields. 

It  is  possible,  and  often  convenient,  to  represent  the  transverse  electric  and  magnetic 
fields  in  terms  of  the  longitudinal  components.  For  simplicity  these  relationships  will  be 
developed  here  assuming  that  the  permittivity  and  permeability  associated  with  the  structure 
do  not  vary  with  z.  They  may  vary,  however,  in  a  transverse  plane,  either  continuously  or 
discontinuously.  These  relationships  are  based  on  Maxwell' s  curl  equations. 
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V  x  E  -  -  JumH.  (A- 8) 

7x  E  ■  juc  g.  (A-7) 

Let  Ej.  H^.  be  the  tranaverse  components  of  the  electric  and  magnetic  fields  and  define  the 
transverse  del  operator,  V^,  as 


7  m  v  .  b  — — 

VT  *z  8z  ' 


(A-8) 


v/here  is  a  unit  vector  In  the  z  direction.  The  transverse  components  of  Equations  (A-6) 
and  (A-7)  are 


-a  x  7_  H  +a  x 
~z  T  z  ~z 


85t 

a  z  “  ”  ^^t* 

(A-9) 

TT 

(A- 10) 

Solving  for  E^,  and  gT,  and  setting  k  *  and  Z  ■4<  k  and  Z  can  vary  in  the  transverse 

plane). 


1  13  V  Z 

E  +  - Y  «  ~Y  FT  (  VV  +  3  T  (~z  x  VTHZ)( 

k  dz*  k 


(A-ll) 


32H 

Bt*  4  -?•  4  ir  (  W  -fz  -  W- 

k  9z  k 


(A- 12) 


Taking  account  of  the  z  variation  imposed  by  Floquet' s  theorem  and  using  the  orthogonality 
of  the  axial  space  harmonics, 


0n  k  Z 

ETn  <r,  0 )  »  j—  7TEzn  <r,  © )  -  j  ±f-  (a.,  x  7„,H__  (r.  0 ))  , 


T  zn 


(A- 13) 


STn(r’0)=  3  Hr  VTHzn(r’0)+3  “TT  ^  X  VTEzn(r'0))* 


Hnz 


(A- 14) 


where 


2  a  2  u2 
7  *  P  -  k  . 

'  n  n 


(A-15) 
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Thus  if  the  longitudinal  field  components  are  known,  the  transverse  field  components  can  be 
found. 

For  many  periodic  structures,  particularly  those  developed  for  microwave  tube 
applications,  there  will  be  a  region  surrounding  the  symmetry  axis  which  is  empty  and 
contains  no  conducting  or  dielectric  material.  In  this  region  the  field  components  have  a 
particularly  simple  form.  The  differential  equation  for  each  of  the  axial  space  harmonic 
components  of  the  longitudinal  electric  field  in  this  region  is 

V*2  E  (r,0)  -y  2  E  (r.0)  -  0.  (A-16) 

l  zn  n  zn 


Using  polar  coordinates  and  applying  the  orthogonality  conditions  for  the  angular  space 
harmonics 
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(r  E  (r) )  -  (y2  + 
8  r  8r  znm  '  n 


)  E 

znm 
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0, 


(A-17) 


with  a  similar  equation  for  H  (r).  The  solutions  to  this  differential  equation  are  modified 

znm 

Bessel  functions  of  order  m  and  argument  ynr-  Since  the  symmetry  axis,  r  ■*  0,  is  included 

in  the  region  only  the  modified  Bessel  functions  of  the  first  kind,  X  (y  r),  are  used.  Employ 

m  n 

ing  the  solution  to  Equation  (A-17)  and  the  relations  between  the  transverse  and  longitudinal 
field  components  given  by  Equations  (A-13)  and  (A-14),  the  complete  fields  in  this  region 
are: 
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In  these  equations,  k  *  u  nrx~ ,  Z 

A  v  O  O 


■A 


I1  (y  r)  is  the  derivative  of  I  (y  r) 
no  n  m  n 


taken  with  respect  to  the  argument,  and  A  ,  B  are  constants. 

nm  nm 

For  open  boundary  structures,  if  attention  is  restricted  to  the  region  exterior  to 

the  structure  then  the  electromagnetic  field  components  are  given  by  expressions  similar 

to  those  in  Equations  (A- 18)  through  (A- 23).  The  only  difference  is  that  I^Y^r),  the 

modified  Bessel  function  of  the  first  kind  is  everywhere  replaced  by  Kro(Ynr).  the  modified 

Bessel  function  of  the  second  kind.  For  a  real  argument,  K  (y  r)  decreases  exponentially 

m  n 

toward  zero  as  r  Increases.  For  an  imaginary  argument,  however,  K  (y  r)  decreases 

-1/2  m  n 
only  as  r  for  large  r.  Physically,  sun  Imaginary  argument  corresponds  to  electro¬ 
magnetic  power  being  radiated  radially.  Under  these  circumstances  the  structure  is  no 
longer  propagating  in  the  usual  sense,  and  is  operating  in  the  leaky  wave  region.  This 

occurs  whenever  y  is  Imaginary,  and  hence  from  equation  (A-15),  whenever  k >0  .  Thus 
n  n 

|  k|  *  |  /3|  forms  the  boundary  between  the  leaky  wave  region  and  the  propagation  region. 
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Attn:  Code  817B 


AFSC  Scientific  &  Technical  Liaison  Office 
c/o  Department  of  the  Navy 
R  oom  2305,  Munitions  Building 
Washington  25,  D.C. 

Aero  Geo  Astro  Corp. 

1200  Duke  Street 
Alexandria,  Virginia 
Attn:  Library 

Aerospace  Corp. 

Box  95085 

Los  Angeles  45,  Calif. 

Attn:  Library 
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Airborne  Instruments  Laboratory,  Inc. 
Division  of  Cutler  Hammer 
Walt  Whitman  Road 
Melville,  L.I.  New  York 
Attn;  Library 

Aircom,  Inc. 

48  Cummington  Street 
Boston,  Mass. 

Andrew  Alford,  Consulting  Engineers 
299  Atlantic  Avenue 
Boston  10,  Mass. 

Aerospace  Corp. 

Satellite  Control 
Attn:  Mr.  R.C.  Hansen 
Post  Office  Box  95085 
Los  Angeles  45,  California 

ACF  Electronics  Division 
Bladensburg  Plant 
52nd  Avenue  &  Jackson  Street 
Bladensburg,  Maryland 
Attn  I  Librarian 

Batielle  Memorial  Institute 
505  King  avenue 
Columbus  1,  Ohio 

Attn:  Wayne  E.  Rife,  Project  Leader 
Electrical  Engineering  Divisioi 

Bell  Aircraft  Corporation 

Post  Office  Box  One 

Buffalo  5,  New  York 

Attn:  Eunice  P.  Hazelton,  Librarian 

Bell  Telephone  Laboratories 
Murray  Hill 
New  Jersey 

Bell  Telephone  Laboratories,  Ino. 
Technical  Information  Library 
Whippany  Laboratory 
Whippany,  New  Jersey 
Attn:  Technical  Reports  Librarian 

Bendix  Pacific  Division 
11600  Sherman  Way 
North  Hollywood,  California 
Attn:  Engineering  Library 

Bendix  Radio  Division 
Bendix  Aviation  Corporation 
E.  Joppa  Road 
Towson  4,  Maryland 
Attn:  Dr.  D.M.  Allison,  Jr. 

Director  Engineering  3c  Research 


BJorksten  Research  Laboratories,  Ino. 
P.0.  Box  265 
Madison,  Wisconsin 
Attn:  Librarian 

Boeing  Airplane  Company 

Pilotless  Aircraft  Division 

P.0.  Box  3707 

Seattle  24,  Washington 

Attn:  R.R.  Barber,  Library  Supervisor 

Boeing  Company 
3801  S.  Oliver  Street 
Wichita  1  Kanas 

Attn:  Kenneth  C.  Knight,  Library 
Supervisor 

Brush  Beryllium  Company 
4301  Perkins  Avenue 
Cleveland  J,  Ohio 
Attn:  N.W.  Bass 


Chance  Vought  Corp. 

9314  West  Jefferson  Boulevard 
Dallas,  Texas 

Attn:  A.D.  Pattullo,  Librarian 

Chance  Vought  Corporation 
Vought  Electronics  Division 
P.0.  Box  5907 
Dallas  22,  Texas 

Chu  rtssociates 
P.0.  Box  387 
Whitcomb  Avenue 
Littleton,  Mass. 

Collins  Radio  Co. 

855  35th  Street,  N.E. 

Cedar  Rapids,  Iowa 
Attn:  Dr.  R.L.  McCreary 

Convair,  A  Division  of  General  Dynamics  Corp 
Fort  Worth,  Texas 
Attn:  K.G.  Brown 

Division  Research  Librarian 

Convair,  A  Division  of  General  Dynamics  Corp 
3165  Pacific  Highway 
San  Diego  12,  California 
Attn:  Mrs.  Dora  B.  Burke 

Engineering  Librarian 
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Cornsll  Aeronautical  laboratory  !»«• 
kU$S  Ooneses  Street 
Buffalo  21,  How  Tork 
Attni  Librarian 

Dalno  Victor  Company 
A  Bivieion  of  Toatron,  lac. 

1515  Industrial  Way 

Attn«nHary*m*n  Addems,  Technical  Librarian 


Borne  and  Margolin,  Inc. 

29  Hew  Tork  Arenue 
Voatbury,  long  lelnnd,  H.T, 


Aircraft  Bivieion 

Bouglae  Aircraft  Company,  Ino. 

3855  Lakewood  Boulevard 
long  Beach,  California  (08A) 

Attnt  Technical  library 

Dougins  Aircraft  Company,  Inc. 

3000  Ocean  Park  Boulevard 
Santa  Monica,  Col. 

Attni  Peter  Bul'im.Jr.  ,A. _ 

Chief.  Xlectrlcal/Xleotroniei  Heotion 

Bouglaa  Aircraft  Company,  lad. 

2000  Horth  Memorial  Brive 
Tulsa,  Oklahoma 

Attni  Engineering  librarian,  B-25» 


Electromagnetic  Bec.orch  Corporation 

5001  Collage  Avenue 
College  Park, 

Attm  Par.  Martin  Xatain 

Bleotronica  Communication 
1830  Tork  Bo  ad. 

Tiooniuffl,  Maryland 

Electronic  Specialty  Company 

5121  San  Fernando  Hoaa 
Los  Angeles  39,  Cal. 

Attn:  Ch°ier Inginee'r?' Radiating  Systems 
Division 

Emerson  and  Cuming,  I^°^alpola  street 

Canton,  Mass. 

Attm  Mr.  W.  Cuming 

Emerson  Electric  Mfg.  Co. 

8100  West  Florissant  Avenue 

St  Louis  21.  Missouri 

Attn:  Mr.  E.R.  Breslin,  Librarian 


Corp 


Emerson  Radio-Phonograph 
Bneraon  Reaearoh  laborato: 


1140  Eastweat  Highway 
c,  imr  Sorine.  Marylanl 


ITT  Federal  Laboratories 
Technical  Library 
500  Washington  Avenue 
Nutley  10,  New  Jersey 


Gabriel  Electronics  Division 
Main  and  Pleasant  Streets 


Millie.  Mass. 

Attn:  Dr.  _Edward  Altshuler 


General  Eleotric  Company 
Building  3  -  Room  143-1 
Electronics  Park 
Syracuse,  Hew  York 
Attn:  Yolanda  Burke 

Dooumsnte  Library 


General  Electric  Company- 
Missile  and  Space  Vehicle  Department 
3198  Chestnut  Street,  Philadelphia,  Penn. 
Attn:  Documents  Library 


General  Electric  Company 
3750  D  Street 
Philadelphia  24,  Pa. 

Attn’  Missile  and  Space  Vehicle  Department 

General  Precision  Laboratory,  Inc. 

63  Bedford  Road 
Pleasantville,  New  York 
Attn:  Librarian 


G.  odyear  Aircraft  Corp. 
12  10  Massillon  Road 


Alifonl5,  Ohio 
At  n:  Library, 


plant  G 


jinger  Associates 
ctronic  Systems 
,  Commercial  Street 

in:  ^John  V?N°  Granger,  President 

rumman  Aircraft  Engineering  Corporation 
“thDaee,  Long  Island,  New  York 
itn:  Engineering  Librarian,  Plan 
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Hallicrafters  Company 

4401  West  5th  Avenue 

Chicago  24,  Illinois 

Attn:  LaVerne  LaGioia,  Librarian 


Dr.  Henry  .Tasik,  Consulting  Engineer 
298  Shames  Drive 
Brush  Hollow  Industrial  Park 
Westbury,  New  York 


The  Hallicrafters  Co. 

5th  and  Kostner  Avenues 
Chicago  24,  Illinois 

Attn:  Henri  Hodara,  Head  of  Space  Communication 


Hoffman  Electronics  Corp. 

3761  South  Hill  Street 
Los  Angeles  7,  California 
Attn:  Engineering  Library 

Hughes  Aircraft  Company 
Antenna  Department 
Building  12,  Mail  Station  2714 
Culver  City,  California 
Attn:  Dr.  W.H.  Kummer 

Hughes  Aircraft  Company 
Florence  Ave  and  Teale  Streets 
Culver  City,  Calif. 

Attn:  Louis  L.  Bailin 

Manager,  Antenna  Dept. 

Hughes  Aircraft  Company 
Attn:  Mr.  L.  Stark,  Microwave  Dept. 
Radar  Laboratory,  P.O.  Box  2097 
Building  600,  Mail  Station  C-152 
Fullerton,  California 

International  Business  Machines  Corp. 
Space  Guidance  Center-Federal  Systems 
Owego,  Tioga  County,  New  York 
Attn:  Technical  Reports  Center 

International  Resistance  Company 
401  N.  Broad  Street 
Philadelphia  8,  Pa. 

Attn:  Research  Library 

ITT  Federal  Labe. 

3700  East  Pontiac  Street 
Fort  Wayne  1,  Indiana 
Attn:  Technical  Library 

Atlantic  Research  Corporation 
Shirley  Highway  at  Edaall  Road 
Alexandria,  Virginia 
Attn:  Delmer  C.  Porta 


Lockheed  Aircraft  Corporation 
Missiles  and  Space  Division 
Technical  Information  Center 
3251  Hanover  Street 
Palo  Alto,  California 

Lockheed  Aircraft  Corporation 

2555  N.  Hollywood  Way 

California  Division  Engineering  Library 

Department  72-25,  Plant  A- 1,  Building  63-1 

Burbank,  California 

Attn:  N.C.  Harnois 

Martin-Marietta  Corp. 

12250  S.  State  Highway  65, 

Jefferson  County,  Colorado 

'Attn:  Mr.  Jack  McCormick 


The  Martin  Company 
Baltimore  3,  Maryland 
Attn;  Engineering  Library 
Division  Antenna  Design  Group 

Mathematical  Reviews 
190  Hope  Street 
Providence  6,  Rhode  Island 

The  W.  L.  Maxson  Corporation 

475  10th  Avenue 
New  York,  New  York 
Attn:  Miss  Dorothy  Clark . 

McDonnell  Aircraft  Corporation,  Dept,  844 
Box  516,  St.  Louis  6”,  Missouri 
Attn:  C.E.  Zoller 

Engineering  Library 

McMillan  Laboratory,  Inc. 

BrownvUle  Avenue 
Ipswich,  Mass. 

Attn:  Security  Officer,  Document  Room 
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Melpar,  Inc. 

3000  Arlington  Boulevard 

Falls  Church,  Virginia 

Attn;  Engineering  Technical  Library 

Microwave  Associates,  Inc. 

South  Avenue 
Burlington,  Mass. 

%  BrSVSt?eeeVtelOPment  Laborator*«' 

Wellesley  57,  Mass. 

Attn;  N.  Tucker,  General  Manager 

The  Mitre  Corporation 
244  Wood  Street 
Lexington  73,  Mass. 

Attn:  Mrs.  Jean  E.  Claflin,  Librarian 

Motorola,  Inc. 

8201  East  McDowell  Road 

Phoenix,  Arizona 

Attn:  Dr.  Thomas  E.  Tice 

Motorola,  Inc. 

Phoenix  Research  Laboratory 
3102  N.  56th  Street 
Phoenix,  Arizona 
Attn:  Dr.  A.  L.  Aden 

National  Research  Council 
Radio  &  Electrical  Engineering  Division 
Ottawa,  Ontario,  Canada 
Attn:  Dr.  G.  A.  Miller,  Head 
Microwave  Section 

North  American  Aviation,  Inc. 

12214  Lakewood  Boulevard 
Downey,  California 

Attn:  Technical  Information  Center  (495-12) 
Space  &  Information  Systems  Division 

North  American  Aviation,  Inc. 

Los  Angeles  International  Airport 
Los  Angeles  45,  Calif. 

Attn:  Engineering  Technical  File 

Page  Communications  Engineers,  Inc. 

2001  Wisconsin  Avenue,  N.W. 

Washington  7,  D.  C. 

Attn:  (Mrs. )  Ruth  Temple,  Librarian 

Northrop  Corporation 
Norair  Division 
1001  East  Broadway 
Hawthorne,  California 
Attn:  Technical  Information  3924-31 


Philco  Corporation 
Research  Division 
Union  Meeting  Pond 
Blue  Bell,  Pa. 

Attn:  Research  Librarian 

Pickard  &  Burns,  Inc. 

103  Fourth  Avenue 
Waltham  54,  Mass. 

Attn:  Dr.  Richard  H.  Woodward 

Polytechnic  Research  A 
Development  Co. ,  Inc. 

202  TUIary  Street 
Brooklyn  1,  New  York 
Attn:  Technical  Library 


Radiation,  Inc. 

Melbourne,  Florida 
Attn:  RF  Systems  Division 

Technical  Information  Center 

Radiation  Systems,  Inc. 

140  Swann  Avenue 
Alexandria,  Virginia 
Attn:  Library 

RCA  Laboratories 

David  Sarnoff  Research  Center 

’.01  Washington  Road 

3rinceton,  New  Jersey 

tttn:  Miss  Fern  Cloak,  Librarian 

Radio  Corporation  of  America 
jiefense  Electronic  Products 
T  uilding  10  Floor  7 
(  amden  2,  New  Jersey 
/  ttn:  Mr.  Harold  J.  Schrader 
Staff  Engineer 

Organization  of  Chief  Tech.  Admin. 

Radio  Corporation  of  America 
Missile  Control  and  Electronics  Div. 
Bedford  Street 
Burlington  ,  Massachusetts 
Attn:  Librarian 


Radio  Corporation  of  America 
Surface  Communications  Systems  Laboratory 
75  Varick  Street 
New  York  13,  N.  Y. 

Attn:  Mr.  S.  Krevsky 
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Radio  Corporation  of  America 

West  Coast  Missile  and  Surface  Radar  Division 

Engineering  Library,  Building  306/2 

Attn:  L.R.  Hund,  Librarian 

8500  Balboa  Boulevard,  Van  Nuys,  California 


Sage  Laboratories,  Inc. 

3  Huron  Drive 
Natick,  Mass. 

Sanders  Associates,  Inc. 

95  Canal  Street 
Nashua,  New  Hampshire 
Attn:  Mr.  Norman  R.  Wild 


Radio  Corp.  of  America 
Defense  Electronic  Products 
Advanced  Military  Systems 
Princeton,  New  Jersey 
Attn:  Mr.  David  Shore 

Director,  USAF  Project  RAND 
Via;  AF  Liaison  Office 
The  Rand  Corporation 
1700  Main  Street 
Santa  Monica,  California 

The  Rand  Corporation 
1700  Main  Street 
Santa  Monica,  California 
Attn:  Technical  Library 


Sandia  Corporation 
P.O.  Box  5800 
Albuquerque,  New  Mexico 
Attn:  Records  Management  & 
Services  Department 

Scanwell  Laboratories,  Inc. 

6601  Scanwell  Lane 
Springfield,  Va. 

STL  Technical  Library 

Document  Acquisitions 

Space  Technology  Laboratories,  Inc 

P.O.  Box  95001 

Los  Angeles  45,  California 


Rantee  Corporation 

23999  Ventura  Boulevard 

Calabasas,  California 

Attn;  Grace  Keener,  Office  Manager 


Sperry  Gyroscope  Company 
Great  Neck,  Long  Island,  New  York 
Attn:  Florence  W.  Turnbull 
Engineering  Librarian 


Raytheon  Company 
Boston  Post  Road 
Wayland,  Mass. 

Attn;  Mr.  Robert  Boris 

Raytheon  Company 
Wayland  Laboratory 
Wayland,  Mass. 

Attn;  Miss  Alice  G.  Anderson,  Librarian 


Stanford  Research  Institute 
Documents  Center 
Menlo  Park,  California 
Attn:  Acquisitions 

Syl vania  Electric  Products,  Inc. 

100  First  Avenue,  Waltham  54,  Mass. 

Attn:  Charles  A.  Thornhill,  Report  Librarian 
Waltham  Laboratories  Library 


Raytheon  Company 
Missile  Systems  Division 
Hartwell  Road,  Bedford,  Mass. 

Attn:  Donald  H.  Archer 

Remington  Rand  UNI  VAC 

Division  of  Sperry  Rand  Corporation 

P.O.  Box  500 

Blue  Bell,  Pennsylvania 

Attn:  Engineering  Library 


Syl  vania  Elec.  Prod.  Inc. 

Electronic  Defense  Laboratory 
P.O.  Box  205 
Mountain  View,  California 
Attn:  Library 

Sylvania  Reconnaissance  Systems  Lab. 
Box  188,  Mountain  View,  California 
Attn:  Marvin  D.  Waldman 


Republic  Aviation  Corporation 
Farmingdale,  Long  Island,  New  York 
Attn:  Engineering  Library 

Thru:  AF  Plant  Repr,  Republic  Aviation  Corp. 
Farmingdale,  Long  Island,  New  York 

Ryan  Aeronautical  Company 
2701  Harbor  Drive 
Lindbergh  Field 
San  Diego  12,  California 
Attn:  Librarv  ' ' 


S.  Thomas,  Inc. 

5  Providence  Highway 

sstwood.  Mass. 

tn:  A.  S.  Thomas,  President 

sxas  Instruments,  Inc. 

00  Lemmon  Avenue 
illas  9,  Texas 
:tru  John  B.  Travis 

Systems  Planning  Branch 
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TEG,  Inc. 

400  Border  Street,  East  Boston,  Mass, 
Attn:  Dr.  Alan  F.  Kay 


Westinghouse  Electric  Corp. 
Electronics  Division 
Friendship  Int‘l  Airport  Box  1807 
Baltimore  3,  Maryland 
Attn:  Engineering  Library 

Library  Geophysical  Institute  of  the 
University  of  Alaska 
College,  Alaska 

Brown  University 

Department  of  Electrical  Engineering 
Providence,  Rhode  Island 
Attn:  Dr.  C.M.  Angulo 


Georgia  Technology  Research  Institute 
Engineering  Experiment  Station 
722  Cherry  Street  N.W. 

Atlanta,  Georgia 

Attn:  Mrs.  J.H.  Crosland.  Librarian 

Harvard  University 
Technical  Reports  Collection 
Gordon  McKay  Library 
303  Pierce  Hall 

Oxford  Street,  Cambridge  38,  Mass. 
Attn:  Librarian 

Harvard  College  Observatory 
60  Garden  Street 
Cambridge  39,  Mass. 

Attn:  Dr.  Fred  L.  Whipple 


California  Institute  of  Technology 
Jet  Propulsion  Laboratory 
4800  Oak  Grove  Drive 
Pasadena,  California 
Attn:  Mr.  I.E.  Newlan 

California  Institute  of  Technology 
1201  E.  California  Drive 

Pasadena,  California 
Attn:  Dr.  C.  Papas 


University  of  Illinois 
Documents  Division  Library 
Urbana,  Illinois 

University  of  Illinois 
College  of  Engineering 
Urbana,  Illinois 
Attn:  Dr.  P.E.  Mayes, 

The  John  Hopkins  University 
Applied  Physics  Laboratory 
8621  Georgia  Avenue 
Silver  Spring,  Maryland 
Attn:  Mr.  George  L.  Seielstad 


Space  Sciences  Laboratory 
Leuschner  Observatory 
University  of  California 
Berkeley  4,  California 
Attn:  Dr.  Samuel  Silver,  Professor  of  Engineering  Science 
and  Director,  Space  Sciences  Laboratory 


University  of  California 
Electronics  Research  Lab. 

332  Cory  Hall,  Berkeley  4,  California 
Attn:  J.R.  Whinnery 


The  John  Hopkins  University 

Homewood  Campus 

Baltimore  18,  Maryland 

Attn:  Dr.  Donald  E.  Kerr,  Dept,  of  Physics 


University  of  Southern  California 
University  Park 
Los  Angeles,  California 
Attn:  Dr.  Raymond  L.  Chuan 

Director,  Engineering  Center 

Case  Institute  of  Technology 
Electrical  Engineering  Department 
10900  Euclid  Avenue 
Cleveland,  Ohio 

Attn:  Professor  Robert  Plonsey 


University  of  Southern . California  .  Engineering  Center 

University  Park 

Los  Angeles  7,  California 

Attn:  Z;A.  Kaprielian 

Associate  Professor  of  Electrical  Engineering 

Cornell  University 

School  of  Electrical  Engineering 

Ithaca,  New  York 

Attn:  Prof.  G.C.  Dalman 


Columbia  University 
Department  of  Electrical  Engineering 
Momingside  Heights,  New  York,  N.Y. 
Attn:  Dr,  Schlesinger 


University  of  Florida 

Department  of  Electrical  Engineering 

Gainesville,  Florida 

Attn:  Prof.  M.H.  La  tour.  Library 
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University  of  Kansas 
Electrical  Engineering  Department 
Lawrence,  Kansas 
Attn:  Dr.  H.  Unz 

Lowell  Technological  Institute 

Research  Foundation 

P.O.  Box  70S,  Lowell,  Mass. 

Attn:  Dr.  Charles  R.  Mingins 

Massachusetts  Institute  of  Technology 
Research  Laboratory  of  Electronics 
Building  26,  Room  327 
Cambridge  39,  Mass. 

Attn:  John  H.  Hewitt 

Massachusetts  Institute  of  Technology 
Lincoln  Laboratory 
P.O.  Box  73 
Lexington  73,  Mass. 

Attn:  Mary  A.  Granese,  Librarian 

McGill  University 

Department  of  Electrical  Engineering 
Montreal,  Canada 
Attn:  Dr.  T.  Pavlasek 

University  of  Michigan 
•  Office  of  Research  Administration 
Radiation  Laboratory 
012  N.  Main  Street 
Ann  Arbor,  Michigan 
Attn:  Mr.  Ralnh  E.  Hiatt 

University  of  Michigan 

Engineering  Research  Institute 

Willow  Run  Laboratories,  Willow  Run  Airport 

Ypsilanti,  Michigan 

Attn:  Librarian 

University  of  Minnesota 

Minneapolis  14,  Minnesota 

Attn:  Mr.  Robert  H.  Stumm,  Library 

University  of  Michigan 
Electronic  Defense  Group 
Institute  of  Science  and  Tech. 

Ann  Arbor,  Michigan 
Attn;  J.  A.  Boyd,  Supervisor 


P  lysical  Science  Laboratory 
Now  Mexico  State  University 
Ui  iversity  Park,  New  Mexico 
At  n:  Mr.  H.  W.  Haas 

he  t  York  University 

Ins  itute  of  Mathematical  Sciences 

Rot  >m  802,  25  Waverly  Place 

New  York  3,  New  York 

Att  u  Morris  Kline,  Dr. 

No>  thwestern  University 
Mil  rowave  Laboratories 
Evi  nston,  Illinois 
Atti:  R. E.  Beam 

Antenna  Laboratory 

De;  artment  of  Electrical  Engineering 

Th<  Ohio  State  University 

2021  Neil  Avenue 

Col  ambus  10,  Ohio 

Att  u  Reports  Librarian 

Th<  University  of  Oklahoma 
Re:  earch  Institute 
Noi  man,  Oklahoma 
Att:u  Prof.  C.L.  Farrar,  Chairman 
Electrical  Engineering 

Unit  ersity  of  Pennsylvania 

Inr.t  tute  of  Cooperative  Research 

3400  Walnut  Street,  Philadelphia,  Pa. 

Attn:  Department  of  Electrical  Engineering 

Polytechnic  Institute  of  Brooklyn 
Microwave  Research  Institute 
55  Johnson  Street,  Brooklyn,  New  York 
Attn;  Dr.  Arthur  A.-Oliner 

Polytechnic  Institute  of  Brooklyn 
Microwave  Research  Institute 
55  Johnson  Street 
Brooklyn,  New  York 
Attn:  Mr.  A.  E.  Laemmel 

The  Pennsylvania  State  University 
223  Electrical  Engineering 
University  Park,  Pa. 

Attn i  A.H.  Waynick,  Director 
Ionosphere  Beeearoh  Lab. 
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Purdue  University 

Domrtmont  of  Electrical  Engineering 
Lafayette,  Indiana 
At. ns  Dr.  Schultz 

Library 

W.W.  Hansen  Laboratory  of  Physics 
Stanford  University 
Stanford,  California 

Syracuse  University  Research  Institute 
Collendale  Campus 
Syracuse  10,  N.Y. 

Attn <  Dr.  C.S.  Grove,  Jr., 

Director  of  Engineering  Research 

Technical  University 
Oestcrvoldgade  10  G 
Copenhagen,  Denmark 
Attns  Prof.  Hans  Lottrup  Knudsen 

University  of  Tennessee 
Ferris  Hall 
W.  Cumberland  Avenue 
Knoxville  16,  Tennessee 

The  University  of  Texas 
Electrical  Engineering  Research  lab. 

P.0.  Box  8026,  University  Station 
Austin  12,  Texas 
Attn:  Mr.  John  R.  Gerhardt 
Assistant  Director 

The  University  of  Texas 
Defense  Research  Laboratory 

Austin,  Texas  _ 

Attn:  Claude  W.  Horton,  Physics  Library 

University  of  Toronto 
Department  of  Electrical  Engr • 

Toronto,  Canada 

Attn:  Prof.  G.  Sinclair 

University  of  Washington 

Department  of  Electrical  Engineering 

Seattle  5,  Washington  (Attn:  D.K.  Reynolds; 

University  of  Wisconsin 
'Department  of  Electrical  Engineering 
Madison,  Wisconsin 
Attn:  Dr.  Scheibe 


